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Abstract
We further study the correspondence between open semiclassical strings and long defect
operators which is discussed in our previous work [hep-th/0410139]. We give an interpreta-
tion of the spontaneous symmetry breaking of SO(6)→ SO(3)H×SO(3)V from the viewpoint
of the Riemann surface by following the argument of Minahan. Then we use the concrete
form of the resolvent for a single cut solution and compute the anomalous dimension of
operators dual to an open pulsating string at three-loop level. In the string side we obtain
the energy of the open pulsating string solution by semiclassical analysis. Both results agree
at two-loop level but we find a three-loop discrepancy.
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1 Introduction and Summary
The AdS/CFT duality [1] implies the equality between the energies E of quantum string
states (as functions of the effective string tension T = R
2
2piα′
=
√
λ
2pi
and quantum numbers like
S5 angular momentum J i) and the dimensions ∆ of the corresponding local SYM operators.
It is a non-trivial problem to check the relation E = ∆ except 1/2 BPS operators which are
dual to the supergravity states.
For generic non-BPS states it has seemed to be difficult to check the duality before the
celebrated work of Berenstein-Maldacena-Nastase (BMN) [2], and then Gubser-Klebanov-
Polyakov [3] and Frolov-Tseytlin [4]. This type of AdS/CFT duality at non-BPS regimes is
investigated in each of subsectors of the full superconformal group PSU(2, 2|4) . It is well
known that the SU(2) [5], SL(2) [7,8,5,6,9] and SU(2|3) sectors [10] as well as PSU(2, 2|4) [6]
are complete closed sectors, and SO(6) [11, 12], and SU(3) sector [13] are closed sectors at
one-loop. In particular, the SU(2) sector is quite well considered and higher-loop contribu-
tions are also well studied [14,15]. In this sector the full loop Bethe roots are proposed in [15]
and the result perturbatively computed in the SYM side is realized from the Bethe roots.
The SYM result agrees with that in the string side at two-loop level, and the disagreement
appears from three loops.
The matching between string and SYM sides is also observed at the action level (coherent
state method) as well as at Bethe roots and Bethe equations [16]. The matching is initially
shown by Kruczenski [16] in a one-loop analysis of the SU(2) sector. The result is extended
to the two-loop level in Refs. [17,18,19]. The matching at the action level is investigated in
other sectors such as SU(3) [21, 19], SL(2) [18, 20], SO(6) and sectors [18, 19].
The classical integrability of the (super)string on the AdS5×S5 may also play a key role
in this correspondence [22,23,24]. The matching of the spectra and the integrable structures
between the string sigma models and the spin chains are confirmed up to and including the
two-loop level in some cases [25].
The correspondence between open string theories and gauge theories are also studied in
various setups. The correspondence for the near-BPS sectors are discussed in [26, 27, 28].
For the case of the far-from-BPS sectors it is studied in [29, 30, 31, 32]. The open strings on
giant gravitons are studied in [33].
In our work [32] we have considered the defect conformal field theory (dCFT) by con-
sidering the defect operators in the setup where the AdS4×S2 brane (D5-brane) is inserted
in the bulk AdS5×S5 background [34]. In the dCFT we may consider the defect operators,
i.e. the operators with defect fields belonging to the fundamental representation, instead
of the trace operation. These operators correspond to the states of open string ending on
the AdS4× S2-brane (D5-brane). The matrix of anomalous dimensions for defect operators
consisting of SO(6) scalar fields is represented by an integrable open SO(6) spin chain [31].
DeWolfe and Mann obtained the complete defect BMN operators in the scalar sector and
showed that those are reduced to the corresponding BMN operators obtained by Lee and
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Park [27] when one takes the long operator limit. In [32] we have discussed the coherent
state method in this setup.
In this letter we further study the correspondence of the long defect operators and open
string sigma model [32] at three-loop level. We analyze the one-loop anomalous dimension
in the SO(6) sector by Bethe ansatz techniques (dCFT side) by following the argument of
Minahan [35]. We give an interpretation of the spontaneous symmetry breaking, SO(6) →
SO(3)H×SO(3)V from the viewpoint of the Riemann-Hilbert problem in the thermodynamic
limit. We concretely construct the resolvent for a single cut solution corresponding to an
open pulsating string solution. We confirm that both Bethe ansatz techniques and coherent
state method [32] give the same one-loop anomalous dimension of the operator dual to the
open pulsating string. In addition, two-loop and three-loop contributions to the resolvent
are evaluated by using the knowledge for the Inozemtsev spin chain [14], and the anomalous
dimension is calculated at three-loop level. This is consistent with the closed string result,
which is seen through the doubling trick.
In the string side we obtain the energy of the open pulsating string including higher-loop
corrections by following the solution ansatz [32]. We see the agreement between the dCFT
and the open string side at two loops and a three-loop discrepancy. In addition we compute
the period of the open pulsating string. We see that the doubling trick formula holds for the
period too.
This letter is organized as follows: In section 2, the one-loop anomalous dimension of
the operator dual to the open pulsating string is analyzed. We give an interpretation of the
spontaneous symmetry breaking, SO(6) → SO(3)H × SO(3)V. We see that the anomalous
dimension computed from the resolvent at one-loop level agrees with our previous result [32].
By extending the analysis the anomalous dimension at three-loop level is obtained. In section
3, we compute the energy of open pulsating string and the frequency of the string at the
order of (λ/L2)6. We find the three-loop discrepancy between dCFT and string side.
After we completed the manuscript we received an interesting work [40], where the issues
related to our work are discussed.
2 Anomalous Dimension of Long Defect Operators
2.1 One-Loop Analysis and Symmetry Breaking
In the dCFT [34] the dual defect operators for open strings are [31, 32]
O = ψm,j1,...,jL,n q¯mXj1 · · ·XjLqn . (2.1)
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The one-loop anomalous dimension matrix ΓO for (2.1) is obtained in the work of [31]
ΓO = Γ
bulk
O + Γ
defect
O
=
λ
16π2
L−1∑
l=1
Hl,l+1 +
λ
16π2
[
(2Iq¯1 + 2S¯q¯1) + (2ILq + 2SLq)
]
, (2.2)
Hl,l+1 = Kl,l+1 + 2Il,l+1 − 2Pl,l+1 . (2.3)
The bulk part (the first term in (2.2)) is the same as the result of Minahan and Zarembo [11].
The defect part (the second term in (2.2)) is written in terms of
Im¯In¯J = δ
m¯
n¯ δ
I
J , I
Im
Jn = δ
I
Jδ
m
n , S
Im
Jn = −iǫIJKσKnm , S¯m¯In¯J = iǫIJKσKm¯n¯ ,
(
for SO(3)H
)
Im¯An¯B = S¯
m¯A
n¯B = δ
m¯
n¯ δ
A
B , I
Am
Bn = S
Am
Bn = δ
m
n δ
A
B ,
(
for SO(3)V
) (2.4)
and the others vanish. Here we should note that the bulk part has no periodicity, but the
integrable boundary arising from the defect contribution ensures the integrability of the spin
chain.
From now on we will discuss the spontaneous symmetry breaking SO(6) → SO(3)H ×
SO(3)V due to the presence of an AdS4×S2-brane from the viewpoint of the Bethe equation
and Riemann surface. By the standard argument the diagonalization problem of the anoma-
lous dimension matrix (2.1) reduces to solving problem of the SO(6) open Bethe equations(
u1i + i/2
u1i − i/2
)2L
=
n1∏
j(6=i)
u1i − u1j + i
u1i − u1j − i
n2∏
j
u1i − u2j − i/2
u1i − u2j + i/2
n3∏
j
u1i − u3j − i/2
u1i − u3j + i/2
×
n1∏
j(6=i′)
u1i + u1j + i
u1i + u1j − i
n2∏
j
u1i + u2j − i/2
u1i + u2j + i/2
n3∏
j
u1i + u3j − i/2
u1i + u3j + i/2
, (2.5)
1 =
n2∏
j(6=i)
u2i − u2j + i
u2i − u2j − i
∏
j
u2i − u1j − i/2
u2i − u1j + i/2
n2∏
j(6=i′)
u2i + u2j + i
u2i + u2j − i
∏
j
u2i + u1j − i/2
u2i + u1j + i/2
, (2.6)
1 =
n3∏
j(6=i)
u3i − u3j + i
u3i − u3j − i
∏
j
u3i − u1j − i/2
u3i − u1j + i/2
n3∏
j(6=i′)
u3i + u3j + i
u3i + u3j − i
∏
j
u3i + u1j − i/2
u3i + u1j + i/2
, (2.7)
where
∏
j(6=i′) is a product over j except ui + uj = 0 . Note that the above Bethe Eq. (2.5)
describes an open string as a closed string with only a right-moving or left-moving mode
through the doubling trick, and the energy of the open spin chain obtained from the Bethe
Eq. (2.5) is twice of the anomalous dimension for an open string in the usual sense. This
kind of treatment is needed to use the periodicity as in the case of closed strings.
In general, in the case of open strings, one has to take into account of boundaries by
including factors denoting reflections. However, we are interested in the open string case
where we may rewrite an open string as a closed string with only one mode, not two by
assuming the doubling trick. Namely, the analysis should be reduced to a periodic case. So
we will set the reflection factors to be 1. In fact, in the analysis for BMN operators [31] the
3
reflection factors become 1 and the presence of boundaries does not affect the anomalous
dimensions.
The anomalous dimension, which is half of the open spin chain energy E, is given by
γ =
E
2
=
λ
4π2
n1∑
j=1
1
u21j +
1
4
. (2.8)
Following the argument in [35] we impose the following four ansatz:
• half filling condition n2 = n3 = n1/2.
• the Bethe root distributions of u2 and u3 are the same.
• the u1 roots are on multiple cuts Cl, while the u2 and u3 are on a single cut C ′.
• A root with flipped sign has also to be a root.
Let us rescaling u = 2Lx and take the thermodynamic limit, L→∞. In this limit the Bethe
equations (2.5)-(2.7) and the anomalous dimension (2.8) are reduced to integral forms
1
x
+ 2nlπ = 2 −
∫
Cl
dx′
σ(x′)
x− x′ + 2
∑
k(6=l)
∫
Ck
dx′
σ(x′)
x− x′ − 2
∫
C′
dx′
ρ(x′)
x− x′ , x ∈ Cl (2.9)
0 = 2 −
∫
C′
dx′
ρ(x′)
x− x′ −
∑
k
∫
Ck
dx′
σ(x′)
x− x′ , x ∈ C
′ (2.10)
and
γ =
λ
16π2L
∑
k
∫
Ck
σ(x)
x2
dx (2.11)
where nl labels the log branch. Here we have introduced the Bethe root densities
σ(x) ≡ 1
L
n1∑
j=1
δ(x− x1j), ρ(x) ≡ 1
L
n2∑
j=1
δ(x− x2j) = 1
L
n3∑
j=1
δ(x− x3j). (2.12)
The root densities are constrained by a normalization condition:
2
∫
C′
ρ(x)dx =
∑
k
∫
Ck
σ(x)dx =
n1
L
, (2.13)
where we have used the half-filling condition.
By using Hilbert transformation with (2.10) we obtain
ρ(x) = − 1
2π2
√
(x− a)(x− a¯) −
∫ a¯
a
dx′
x− x′
1√
(x′ − a)(x′ − a¯)
∑
k
∫
Ck
dx′′
σ(x′′)
x′ − x′′ (2.14)
= − 1
2πi
∑
k
∫
Ck
dx′
σ(x′)
x− x′
√
(x− a)(x− a¯)
(x′ − a)(x′ − a¯) , (2.15)
where we set the endpoints of C ′ as a and its complex conjugate a¯.
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We substitute (2.14) into (2.13), then∫
C′
ρ(x)dx =
1
2
∑
k
∫
Ck
σ(x)dx− 1
4
∑
k
∫
Ck
dxσ(x)
a + a¯− 2x√
(x− a)(x− a¯) . (2.16)
We see that the second term in the right hand side of (2.16) must vanish because of the
consistency between (2.16) and (2.13). This can be achieved by taking a limit
Im a→∞ and Re a
Im a
→ 0. (2.17)
Since a and a¯ are the endpoints of C ′, in the limit of (2.17) the cut C ′ lies on the imaginary
axis of x (C ′ → iR). Hence the contour C ′ splits the complex plane into two regions. In
addition
√
(x−a)(x−a¯)
(x′−a)(x′−a¯) becomes a sign function sign(x, x
′), which gives the +(−) sign if x and
x′ are on the same (opposite) sides of C ′. From (2.15) we obtain, in this limit,∫
C′
dx′
ρ(x′)
x− x′ =
∑
k′
∫
C
k′
dx′
σ(x′)
x− x′ , (2.18)
where the sum over the index k′ refers to cuts on the opposite side of C ′ from x.
By taking (2.18) into account, (2.9) is separated into two equations:
1
x
+ 2πnl+ = 2 −
∫
Cl+
σ(x′)
x− x′dx
′ + 2
∑
k+(6=l+)
∫
Ck+
σ(x′)
x− x′dx
′, x ∈ Cl+ (2.19)
1
x
+ 2πnl− = 2 −
∫
Cl−
σ(x′)
x− x′dx
′ + 2
∑
k−(6=l−)
∫
Ck−
σ(x′)
x− x′dx
′, x ∈ Cl− (2.20)
with the +(−) specifying the Bethe roots on the right(left) hand side of C ′. Each side of the
Bethe root distributions can be determined independently, and hence this system has two
independent sets of roots. It is worthwhile noting that the absence of the cyclicity of trace
in the defect operators O implies that two Bethe roots are completely independent, while for
single trace operators they are indirectly correlated [35].
We give a physical interpretation of the limit (2.17) in terms of D-brane. In our setup
the insertion of a D5-brane into a stack of D3-branes breaks the SO(6) R-symmetry down
to SO(3)H× SO(3)V. Each of SO(3)H and SO(3)V should correspond to each side of Bethe
roots and hence we identify the breaking of the R-symmetry with that of the complex plane.
In this interpretation the diagonal R-symmetry breaking allows us to treat the two Bethe
roots independently. We conclude that the limit (2.17) corresponds to the D5-brane insertion
into the D3-branes.
We also argue the limit (2.17) from the viewpoint of algebraic curves [38, 9, 39, 37] by
introducing pi (i = 1 · · · 4):
p1(x) ≡ G1(x)−G3(x) + 1
2x
, p2(x) ≡ G2(x)−G3(x)− 1
2x
, (2.21)
p3(x) ≡ G3(x) + 1
2x
, p4(x) ≡ −G2(x)− 1
2x
, (2.22)
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Figure 1: The branch cuts for the open
pulsating solution
p
3
p
1
p
2
p
4
C
 
C
+
Figure 2: The removal of the cuts C ′. The
cut C− connects p3 and p4, while the cut
C+ does p1 and p2.
with
G1(x) ≡
∑
k
∫
Ck
dx′
σ(x)
x− x′ , G2(x) = G3(x) ≡
∫
C′
dx′
ρ(x)
x− x′ . (2.23)
Then the SO(6) open Bethe equations become
6 p3(x)− 6 p1(x) = 0 x ∈ C ′,
6 p1(x)− 6 p2(x) = 2πnl± x ∈ Cl±,
6 p2(x)− 6 p4(x) = 0 x ∈ C ′,
(2.24)
where 6 pi are the principal values on each of cuts: 6 pi = 12pi(x− ǫ) + 12pi(x+ ǫ). As the cut
C ′ lies on the imaginary axis of x, this situation is similar to the case of closed pulsating
string [36] [38], where the branch cuts of C ′s and C± are drawn in Fig. 1. By removing
the branch cuts C ′ we obtain the Fig.2, where the two cuts C+ and C− are completely
independent. This is consistent with the two completely independent equations (2.19) and
(2.20).
It is useful to introduce resolvents for solving the integral equations. When we consider
the SO(3)H sector only, the resolvents should be set to
G+(x) =
∑
k+
∫
Ck+
dx′
σ(x′)
x− x′ , G−(x) = 0. (2.25)
Then the integral equation (2.19) becomes
G+(x+ i0) +G+(x− i0) = 1
x
+ 2πnl+ , x ∈ Cl+ . (2.26)
Let us consider the simplest solution, that is, a single cut solution. We set by
G+(0) = πn+, (2.27)
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then the resolvent is
G+(x) =
1
2x
− 1
2x
√
(2πn+x)2 + 1 + πn+. (2.28)
We obtain the anomalous dimension from (2.11)
γ = − λ
16π2L
G′+(0) =
λ
16L
n2+. (2.29)
This result completely agrees with the previous one in [32].
2.2 Higher-Loop Analysis
Let us discuss the defect part of the anomalous dimension. By symmetry argument the
defect part of the anomalous dimension including higher-loop corrections has a similar flavor
structure to the one-loop one:
Γdefect−leftO =
(
λ
8π2
+ C12λ
2 + C13λ
3 + · · ·
)
δI2J2
[
δmn δ
J1
I1
− iǫI1J1KσKmn
]
+
(
C22λ
2 + C23λ
3 + · · ·
)
δI1J1
[
δmn δ
J2
I2
− iǫI2J2KσKmn
]
+ · · · , (2.30)
and similarly for Γdefect−rightO . (Here “· · ·” denotes the SO(3)V contribution and the contribu-
tion from fermions, which are irrelevant to our consideration after taking the large L limit.)
Hence we may expect that the boundary contributions would be absorbed into the bulk one
in the coherent state method [32]. This expectation implies that the reflection factors in the
higher-loop open Bethe equations would be also set 1 when we consider only in the SO(3)H
sector.
It is straightforward to extend the analysis in the previous section to three-loop level by
the above argument and following the argument in [14, 35]. Then the three-loop anomalous
dimension is
γ = 2LT
∫
dx
(
1
x2
+
3T
x4
+
10T 2
x6
)
σ(x), (2.31)
and the integral equation is
1
x
+
2T
x3
+
6T 2
x5
+ 2πnl+ = 2 −
∫
Cl+
σ(x′)
x− x′dx
′ + 2
∑
k+(6=l+)
∫
Ck+
σ(x′)
x− x′dx
′, x ∈ Cl+. (2.32)
Here we have defined as T ≡ λ
64π2L2
. Then we obtain the anomalous dimension at the
three-loop level
γ =
n2λ
16L
− n
4λ2
1024L3
+O(λ4). (2.33)
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This is consistent with the closed spin chain result [35] through the doubling trick formula
(κ ≡ (1− αc)2)
γ =
1
2
γclosed(Lc) =
1
2
[
λn2c(1− κ)
4Lc
− λ
2n4c(1− κ)(1 + 3κ)
64L3c
+
λ3n6c(1− κ)(1 + 3κ)κ
128L5c
]
with Lc = 2L, αc = 1 and nc = n. Hence the three-loop scaling dimension ∆ of the operator
dual to open pulsating string is
∆
L
=
1
L
[L+ γ] = 1 +
n2λ
16L2
− n
4λ2
1024L4
+O(λ4). (2.34)
We note that the three-loop corrections vanish. In the next section we will evaluate the
energy of the open pulsating string.
3 Semiclassical Energy for Open Pulsating String
We shall compute the energy of an open pulsating string solution by using the semiclassical
method employed in [19]. We consider the action of an open string on R×S2 in terms of the
spherical coordinates with AdS5 time t ,
I = −
√
λ
4
∫
dτ
∫ pi
0
dσ
π
[
κ2 + ∂aθ∂
aθ + sin2 θ∂aφ∂
aφ
]
. (3.1)
Here we have utilized the conformal gauge gab = diag(−1, 1) with t = κτ . The solution
ansatz we are interested in is
θ = θ(τ) , φ = mσ (m ∈ Z) , (3.2)
and it corresponds to the pulsating solution as we will see later 1. Under this solution ansatz
(3.2), the only non-trivial equation of motion is
∂2τ θ +m
2 sin θ cos θ = 0 . (3.3)
The conformal gauge constraint is written as
(∂τθ)
2 +m2 sin2 θ = κ2 , (3.4)
but it is equivalent to the e.o.m. (3.3) since the constraint (3.4) is re-derived by integrating
(3.3) and taking κ2 as an integration constant.
Let us now introduce the action variable Iθ with respect to θ . The canonical momentum
of θ is Pθ = (
√
λ/(2π))∂τθ , and Iθ is defined as a contour integral as follows:
Iθ ≡
∮
dθ Pθ = 2
√
λ
∫ pi
0
dθ
√
1− m
2
κ2
sin2 θ . (3.5)
1Strictly speaking, the boundary conditions are not satisfied, but those are satisfied in the L→∞ limit.
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When L ≡ Iθ/2 and E ≡
√
λκ/2 are introduced, the energy density is given by
L
E
=
1
π
∫ pi
0
dθ
√
1− m
2λ
4E2
sin2 θ =
2
π
E
(
m2λ
4E2
)
, (3.6)
where we have introduced the complete elliptic integral of the second kind
E(k) =
∫ pi/2
0
dϕ
√
1− k sin2 ϕ .
The equation (3.6) can be iteratively solved for E by using the Mathematica, and the energy
density E/L is evaluated as
E
L
= 1 +
λm2
16L2
− λ
2m4
1024L4
+
λ3m6
16384L6
− 13λ
4m8
4194304L8
+
17λ5m10
67108864L10
− 71λ
6m12
4294967296L12
+O(λ7). (3.7)
The first order term in terms of λ (or g) completely agrees with the energy of open pulsating
string energy computed in terms of the Landau-Lifshitz type sigma model [32]. By replacing
L by L/2 the closed pulsating string energy is recovered [19]. The results in both open and
closed cases are related through the doubling trick [29]. We find a three-loop discrepancy
when we compare (2.34) with (3.7).
The period of the open pulsating string solution Here we comment on the motion
of the open pulsating string solution. The solution of (3.3) is
sin θ(t) = −sn
( κ
m
t
)
(t = κτ) , (3.8)
where sn
(
κ
m
t
)
is one of Jacobi’s elliptic function with the period: T = 4K
(
m2
κ2
)
. Then the
frequency of the motion of Eq. (3.8) is
ω =
2π
T
=
π
2K
(
λm2
4E2(λ,L)
)

K(m2
κ2
)
=
∫ pi/2
0
dθ
1√
1− m2
κ2
sin2 θ


= 1− m
2 λ
16L2
+
3m4 λ2
1024L4
− 5m
6 λ3
16384L6
+
91m8 λ4
4194304L8
− 153m
10 λ5
67108864L10
+
781m12 λ6
4294967296L12
+O(λ7)
Note that the doubling trick formula holds for the period of the motion by replacing L by
L/2 [19]. An alternative definition of the frequency, ω = 2 ∂E
∂Iθ
= ∂
∂L
E(λ, L) , also gives the
same result.
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